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ON  "ON  THE  FOUNDATIONS  OF  THE  THEORY 
OF  MONOPOLISTIC  COMPETITION"* 


by 

Pradeep  Dubey  and  Martin  Shubik 


*1,' 


1 . INTRODUCTION 

In  a brief  stimulating  paper  John  Roberts  and  Hugo  Sonnenschien 
survey  various  attempts  to  embed  monopolistic  competition  into  a general 
equilibrium  model  [1].  These  include  Arrow  and  Hahn  [2],  Fitzroy  [3], 
Gabszewicz  and  Vial  [4],  Laffont  and  Laroque  [5],  Negeshi  [6],  and 
Marschak  and  Selten  [7]. 

The  work  noted  by  Roberts  and  Sonnenschien  is  criticized  by  them 
because  "the  properties  thus  assumed  are  not  derived  from  hypotheses  on 
the  fundamental  data  of  preferences,  endowments  and  technology."  They 
in  particular  criticize  as  an  ad  hoa  assumption  that  the  optimal  choices 
by  each  firm  should  define  an  upper  semi-continuous  convex-valued  corres- 
pondence. 

They  offer  a model  of  oligopolistic  competition  with  quantity  setting 
firms  for  which  they  demonstrate  that  no  equilibrium  exists.  In  the  be- 
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issued  by  the  Office  of  Naval  Research  under  Contract  Authority  NR  047-006. 
However,  the  content  does  not  necessarily  reflect  the  position  or  the 
policy  of  the  Department  of  the  Navy  or  the  Government,  and  no  official 
endorsement  should  be  inferred. 

The  United  States  Government  has  at  least  a royalty-free,  nonex- 
clusive and  Irrevocable  license  throughout  the  world  for  Government  pur- 
poses to  publish,  translate,  reproduce,  deliver,  perform,  dispose  of, 
and  to  authorize  others  so  to  do,  all  or  any  portion  of  this  work. 
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ginning  of  Section  2,  we  reexamine  their  model.  In  Section  3 of  this  paper 
we  reconsider  this  model  and  offer  an  alternative  model  based  upon  the 
same  economic  data.  We  construct  a game  in  strategic  form  for  which  a 
pure  strategy  noncooperative  equilibrium  always  exists. 

Shubik  [8],  Shapley  and  Shubik  [9],  Dubey  and  Shubik  [10,  11], 

Dubey  and  Shapley  [12]  and  Postlewaite  and  Schmeidler  [13]  have  all  con- 
sidered models  of  a closed  trading  or  trading  and  production  economy  viewed 
as  a game  in  strategic  form  and  solved  for  its  noncooperative  equilibria. 
Remarkably  in  all  of  this  work  a close  relationship  among  the  roles  of 
markets,  money  and  oligopolistic  competition  appears.  It  seems  as  if  a 
natural  way  to  model  a closed  economy  as  a formal  game  of  strategy  is  to 
distinguish  some  commodity  as  a money  or  to  specify  some  form  of  flat 
money  or  credit  mechanism. 

Most  of  the  work  on  oligopoly  theory  has  been  done  in  the  context 
of  open  or  "partial  equilibrium."  In  such  a context  the  role  of  money 
and  markets  is  natural.  Our  game  theoretic  formulations  pick  up  this  as- 
pect of  oligopolistic  competition.  In  a series  of  papers  referred  to  above 
[3-13]  and  elsewhere  [14]  distinctions  between  flat  money,  credit  and 
commodity  money  conditions  are  discussed  in  detail.  Here  in  keeping  with 
the  Roberts  and  Sonnenschlen  models  we  merely  reinterpret  the  holdings  of 
the  consumer  as  though  there  were  a commodity  money. 

In  essence  our  results  differ  from  those  of  Roberts  and  Sonnen- 
schlen because  the  nature  of  our  modelling  in  terms  of  a fully  formally 
defined  game  in  strategic  form  forces  us  to  pay  attention  to  certain  de- 
tails concerning  the  specification  of  information  conditions,  the  nature 
of  strategies  by  Individuals  and  different  types  of  noncooperative  equi- 
librium points  which  may  or  may  not  exist. 
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Roberts  and  Sonnenschein  suggest  that  "to  provide  the  proper  foun- 
dations for  the  theory  of  imperfect  competition  one  must  answer  the  ques- 
tion of  'what  functions  can  be  reaction  functions?"'  We  believe  that  the 
priority  is  more  basic.  Reaction  functions,  if  that  construct  is  to  be 
used  at  all  must  be  specified  in  such  a way  that  information  conditions 
and  the  definition  of  the  strategic  possibilities  of  all  players  are  made 
completely  explicit. 

2.  THE  ROBERTS  SONNENSCHEIN  MODEL 

A model  is  presented  consisting  of  two  monopolists  each  costlessly 
producing  up  to  one  unit  of  a good.  A strategy  for  a producer  i is  to 
offer  a quantity  to  the  market. 

There  is  a single  consumer  (presumably  representative  of  a continuum 
of  nonatomic  consumers?).  "The  consumer  is  assumed  to  act  competitively, 
maximizing  his  utility  subject  to  the  budget  constraint  he  faces,  taking 
prices  and  profits  as  given." 

There  are  two  alternative  ways  in  which  we  can  model  this  simple 
extension  of  Cournot  duopoly  as  a game  of  strategy.  In  the  first  we  assume 
that  the  duopolists  move  simultaneously,  after  which  the  customers  are 
completely  informed.*  In  the  second  all  players  (firms  and  customers) 
move  simultaneously  without  further  information.  These  distinctions  are 
shown  in  the  extensive  forms  in  Figures  la  and  lb.  The  arrows  Indicate 

'*'There  is  a third  case  which  we  actually  use  in  3.1  below.  This  is  where 
the  firms  move  first  but  the  customers  are  informed  only  of  the  aggregate 
outcome  of  their  moves.  In  this  section  we  define  what  is  meant  by  a per- 
fect equilibrium  point  which  is  associated  with  games  iriilch  have  points 
of  complete  information.  In  3.1  we  show  that  we  can  generalize  this  idea 
to  Instances  where  moves  can  be  aggregated. 
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a 


b 


FIGURE  1 


that  the  moves  may  be  selected  from  a continuous  set.  In  Figure  la  cus- 
tomers are  Informed  hence  their  moves  and  strategies  must  be  distinguished 
as  the  strategies  can  utilize  the  information.  In  Figure  lb  the  strategies 
and  moves  of  customers  must  coincide.  Which  of  these  two  is  more  realis- 
tic poses  an  empirical  question.  Both  can  be  well  defined.  Furthermore 
a result  by  Dubey  and  Shubik  [15]  shows  that  if  a game  has  any  pure  strategy 
noncooperative  equilibrium  points  then  any  associated  game  which  differs 
from  the  first  only  in  a refinement  of  its  Information  sets  will  have  at 
least  the  pure  strategy  equilibria  of  the  original  game  as  equilibrium 
points.  Thus  if  the  game  in  Figure  lb  has  any  equilibria  so  does  the  game 
shown  in  Figure  la.  In  Section  3 we  show  that  this  is  generally  the  case 
for  quantity  variation  or  Cournot  models. 

If  we  Interpret  the  Roberts  Sonnenscheln  model  as  a game  in  strate- 
gic form  then  it  most  closely  fits  the  game  Illustrated  in  Figure  la. 

Rather  than  assume  that  the  customer  is  by  definition  a price  taker  (espec- 
ially since  there  is  no  indication  how  price  is  formed)  we  prefer  to  deduce 
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this  possibility  by  specifying  precisexy  what  his  strategies  are  and  to 
consider,  asymptotically  or  directly,  a continuum  of  traders. 

The  counterexamples  supplied  by  the  authors  are  undoubtedly  correct 
in  establishing  that  no  perfect  noncooperative  equilibrium  points  may  exist 
in  a noncooperative  game  with  information  conditions  of  the  variety  shown 
in  Figure  la.  By  the  term  "perfect  noncooperative  equilibrium  point"  we 
mean  a set  of  strategies  such  that  at  any  point  of  complete  information 
in  the  game  tree  the  remaining  part  of  the  strategies  form  an  equilibrium 
point  in  the  subgame  remaining.  Furthermore  the  strategies  are  in  equi- 
librium in  the  overall  game  [16]. 

A simple  example  Illustrates  a game  with  both  a perfect  equilibrium 
point  and  an  equilibrium  composed  of  historical  strategies;  i.e.  strate- 
gies whose  components  depend  upon  the  past  path  to  the  current  state  rather 
than  merely  upon  the  current  state. 

Consider  the  following  3x3  matrix  game  played  twice  by  two  indivi- 
duals A and  B . After  the  first  play  there  is  complete  information 
and  then  the  players  play  again.  The  3x3  matrix  game  shown  in  Figure  2. 

1 
2 
3 


(The  payoffs  can  be  Interpreted  as  having  been  generated  from  a duopoly 
model,  but  this  is  incidental  to  the  point.)  The  extensive  form  of  the 
game  is  shown  in  Figure  3.  A strategy  for  each  player  Involves  planning 


FIGURE  2 
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for  9 contingencies.  We  consider  two  symmetric  equilibria.  The  strategies 
for  player  A are  specified;  the  strategies  for  B are  of  the  same  form. 

Strategy  for  a Perfect  Equilibrium 

"I  play  move  2 on  each  occasion  regardless  of  information." 

I 

Hiatoriaal  Strategy  j 

"I  play  move  1 then  if  B has  played  his  move  1,  I play  move  2;  I 

if  he  has  played  anything  else  I play  3." 


FIGURE  3 


It  is  easy  to  check  that  a pair  of  strategies  of  the  first  type  are 
in  equilibrium  in  all  subgames.  A pair  of  strategies  of  the  second  type 
are  not  in  equilibrium  in  the  subgames. 

The  negative  results  of  the  Roberts  Sonnenschein  model,  ve  believe 
are  real.  Without  even  having  to  be  as  elaborate  as  they  have  been  the 
lack  of  pure  strategy  equilibria  in  price  variation  duopoly  open  models 
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is  well  known  [17,  18].  The  simple  noncooperative  solutions  for  competi- 
tion among  few  firms  even  when  they  have  pure  strategy  equilibria  do  not 
appear  to  be  particularly  instructive. 

A formally  interesting  mathematical  result  that  ties  these  models 
into  general  equilibrium  theory  is  that  if  we  were  to  assume  that  the 
firms  were  nonatomic  then  the  perfect  equilibria  and  the  "ignorance  equi- 
libria" of  the  game  in  Figure  lb  can  be  shown  to  coincide  even  though  for 
few  firms  the  perfect  equilibria  may  not  even  exist. 

It  is  conjectured  that  the  mixed  strategy  equilibria  might  even 
approach  the  pure  strategy  equilibria  under  replication  in  a manner  sug- 
gested in  Chapter  6 of  reference  [17].  An  example  which  has  this  property 
may  be  constructed  with  relative  ease. 

3.  THE  GAME  IN  STRATEGIC  FORM 
3.1.  The  Market  6 

Let  {J,  C,  y}  be  a measure  space  where  I the  set  of  agents  in  the  mar- 
ket, = the  a-algebra  of  coalitions  (subsets)  of  J,  y=ameasureon  {I,C}  . 
Let  IjcC  and  e ^ denote  the  set  of  firms  and  consumers  respectively.  (We 
have,  of  course,  that  (I^)>0  , (I^)>0  , ^1 

(or  ^2^  is  a finite  set,  y restricted  to  (or  ),  will  always 

be  assumed  to  attach  the  same  weight  to  every  element  of  I.,  (or  J_  ). 

2.  Cl 

For  any  positive  Integer  H , let  Q be  the  nonnegative  orthant 

I 

of  the  Euclidean  space  of  dimension  i . For  any  x e 0 , let  x.  stand 

Q 

for  the  component  of  x . 

The  initial  data  of  the  market  is  described  by  the  following  set 


of  measurable  mappings: 
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Y ; 


a : 


u : 


n •• 


.^m+l 


1 2 ^ 


m+1 


j.  jn+l  A 
X Q ->■  n 


Ig  X -+■  , j n(iyj)d)i(i) 


2 for  all  j . 


We  will  abbreviate  a(i)  by  o'  , Y(i)  by  Y^  , u(i,x)  by  u' (x)  . 
Let  us  now  explain  our  symbols: 

= the  space  of  commodity  bundles 

• 

Y = the  production  set  of  firm  v 

‘Z-  • 

a “ the  initial  endowment  of  consumer  % 

(xj  » the  utility  of  consumer  i for  the  bundle  x e 
= share  of  consumer  i in  firm  j . 


3.2.  The  Market  Game  with  Aggregate  Information 

To  recast  the  market  as  a game  in  extensive  form,  we  single  out  the 
s t 

(m+2)  commodity  as  a money,  and  set  up  m trading-posts  for  the  remain- 
ing m commodities.  First  all  firms  move  simultaneously  and  decide  which 
bundle  they  will  produce  and  put  up  for  sale  in  the  trading-posts.  Thus 
if  i e I.J  selects  y e J , he  is  required  to  send  y • for  sale  to 
trading-post  J (2  ^m)  , and  to  hold  back  aggregate 

amount  of  j put  up  for  sale  is  y • = } y -dvd)  . The  consumers  are 

J J 

now  informed  about  this  aggregate  output  y . Their  move  is  then  to  bid 
money  for  the  purchase  of  the  commodities  and/or  supply  these  for  sale. 


*Let  y denote  the  vector  (y^  ...,  y^)  . 
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Let  us  denote  by  (q' ) the  bid  (offer)  vector  of  i c . Thus 

e (q^  e f/”)  , b^.  = i's  bid  on  commodity  j ( q^.  = i' s offer 

J <7 

m . . i i 

of  3 for  sale),  Z b\  £ , 7 (0  ±q^  • See  Figure  1 for  the  exten- 

3 tn+i  j j 

sive  form.  The  information  set  shown  is  over  all  nodes  at  which  the  moves 
by  the  firms  lead  to  the  same  aggregate  output. 


Let  us  now  view  this  in  strategic  form.  Suppose  Z C denotes 
. the  set  of  all  aggregate  output  vectors  that  could  possibly  result  from 
the  firms'  choices.  Recalling  that  a strategy  of  any  agent  is  a speci- 
fication of  a move  at  every  information  set  that  belongs  to  him,  we  have 
that  the  strategy  sets  of  i z I are: 


=*  for  i c > 

- {z  — *■  iT,  ?.  —*  d" 
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Given  a choice  of  strategies  s , s = ^ ^ 

X 2 

by  all  the  agents,  prices  p(8)  e are  determined  in  the  m trading- 
posts  as  follows: 


/ b^.(y)d  \i(i) 

I ^ 

Pj(s)  = y~i-~ ^ 

^ I qjy)dv(z) +y. 


for  ^ f.  J i ; the  revenue  earned  by  i z I j is 


m 

= Cl  ^ 

J 


the  final  holding  of  i z is  (s)  z U where: 


i i i- 

x.(s)  . a.  - q.Cy)  ^ . 1 <j  <m. 


m . m . 


^ C?  ■ q^P^(s)  + I T\(i,3)P^  (s)dv(3) 


m+1  f^2  d 3=f^"^' 


The  payoff  to  i c is  therefore  the  utility  of  this  final  bundle,  i.e. 


P^(8)  = U^(x^(b))  . 


This  defines  the  game  V^(^)  . 

A nonoooperative  equilibrium  in  pure  strategies  (N.E.)  of  this  game 
is  a choice  of  strategies  *s  such  that 


P^(*8\8^)  <P^(*8)  , 8^  Z si  , 


for  all  i z I , where  (*8\8^)  is  the  same  as  *8  but  with  8^  sub- 
stituted for  *8^  . 
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An  active  N.E.  of  this  game  is  one  which  produces  positive  prices 
in  every  trading-post. 

A modified  perfect  N.E,  (denoted  "m-perfect  N.E.")  is  an  N.E.  with 
the  property  that  for  every  z t Z , the  strategies  {b^(z),  ^ 

Z 

comprise  a N.E.  for  the  subgame  T^(^,z)  obtained  by  looking  at  the  for- 
ward portion  of  the  tree  starting  from  the  (coincident)  information  sets 
of  the  consvimers  that  correspond  to  z . (Note  that  the  subgames  follow- 
ing from  any  two  nodes  in  such  an  information  set  are  isomorphic,  and  give 
rise  to  the  same  strategic  form,  hence  our  definition  makes  sense.) 


3.3.  The  Game  Tj(^)  with  No  Information 

This  is  the  same  as  except  that  consumers  move  without 

any  information  on  the  aggregate  output  of  the  firms.  (See  Figure  5.) 
Thus  a strategy  by  i e I2  must  consist  of  constant  functions 

"if  JTl  "tf  J7l 

b : Q ->■  Q , q : Q ■*  Q , and  we  may  collapse  the  strategy-set  Sj. 
m 


to  {(b  j q ) = ^ ± — ^3^  ‘ ^ ^2  ’ 


and  S'^j.  = if  i e . 


FIGURE  S 
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3.4.  Equilibrium  Points 

A trivial  N.E.  exists  for  both  Tj.(£,)  and  T^(S ) , for  instance 
the  selection  of  strategies  which  involve  no  bids  and  offers  by  the  con- 
sumers and  firms  in  all  the  trading-posts.  Other  N.E.  occur  which  leave 
some  subset  of  the  trading-posts  inactive.  Our  interest  is  really  in  active 

N.E. 

For  the  case  where  is  nonatomic,  introduce  the  following  as- 
sumption: for  every  commodity  J , 1 ^ j ^ m , there  is  (1)  a non-null 

set  of  traders  who  desire  J and  are  moneyed,  (2)  a non-null  set  of  j- 

furnished  traders  who  desire  money.* 

If  is  finite,  then  we  make  the  same  assumption*  replacing  "a 

non-null  set  of  traders"  by  "at  least  two  traders." 

Given  this  assumption  we  can  state: 

Theorem  1.  An  active  N.E.  exists  for  Tj-  (t)  . 

Theorem  2.  An  active  N.E.  exists  for  T^C^}  . 

Theorem  1 is  proved**  as  Theorem  1 in  [19].  Theorem  2 follows  from 
Theorem  1 and  the  theorem  in  [15].  Indeed  from  [15]  we  know  that  any  N.E. 
of  also  constitutes  a N.E.  of  T^(^)  . 

While  (as  shown  by  Roberts  and  Sonnenschein)  active  m-perfect  N.E. 
of  need  not  exist  when  is  a finite  set,  they  do  if  Ij  is 


*We  can  replace  (2)  by  (3):  "there  is  a nonnull  set  of  (or  'at  least  two') 
firms  and  a positive  constant  K who  can  produce  more  than  K units 

of  the  commodity."  (A  trader  is  said  to  desire  commodity  j if  his 

utility  function  is  strictly  Increasing  in  the  variable  Xj  ). 

**The  proof  in  [19]  is  for  the  "sell-all"  model,  but  similar  techniques 
work  for  the  "bid-offer"  model  described  here. 

***The  other  assumptions  are  the  standard  ones,  l.e.  the  traders'  charac- 
teristics vary  measurably,  and  their  utilities  are  concave,  continuous  and 
nondecreasing  in  each  variable. 


I 
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nonatomlc.  Indeed  if  we  agree  to  call  an  N.E.  of  Tq(^)  equivalent  to 
a N.E.  of  T^(S}  when  they  select  the  same  path  in  the  game  tree,  then 
we  have: 

Theorem  3.  Suppose  is  nonatomic.  Then  any  active  N.E.  of  Tj(^} 

is  equivalent  to  an  active  w-perfect  N.E.  of  , and  vice-versa. 

This  is  obvious.  First  consider  an  N.E.  *s  of  FjC^J  , and 

suppose  ^ e Z lies  on  the  path  selected  by  *s  . Denote  the  strategies 

used  (in  *8  ) by  ^ ^ ^ , 

2^  2 

let  {b^(z),  q^(z)].  _ be  an  N.E.  of  the  game  among  J„  defined  by  the 

forward  portion  of  the  tree  starting  from  z . (These  exist,  given  our 
assumption,  as  shown  in  [19].)  Define 


z^cf)  by 


(b^(z),  q'^(z))  = 


VJ  if  2 = 

(b^(z),  q^(z))  otherwise. 


Then  ^ ^ieJ  ^ active  m-perfect  N.E.  of  Vq(8)  equi- 

2 2 

valent  to  a . Conversely  suppose  8 * [{y  ^ ^izl  ^ 

2 2 

active  m-perfect  N.E.  of  r^(s)  . Then  (y)  t ^ 

2 2 

is  an  active  N.E.  of  Fjf^J  equivalent  to  a . 
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